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VIRASORO CONSTRAINTS FOR TORIC BUNDLES 


TOM COATES, ALEXANDER GIVENTAL, AND HSIAN-HUA TSENG 


Abstract. We show that the Virasoro conjecture in Gromov-Witten theory holds for the the total space of a 
toric bundle E ^ B if and only if it holds for the base B. The main steps are: (i) we establish a localization 
formula that expresses Gromov-Witten invariants of E, equivariant with respect to the fiberwise torus action, 
in terms of genus-zero invariants of the toric fiber and all-genus invariants of B; and (ii) we pass to the non- 
equivariant limit in this formula, using Brown’s mirror theorem for toric bundles. 


1. Introduction 

Virasoro constraints are differential relations between generating functions for Gromov-Witten invariants 
of a compact Kahler manifold X. In order to formulate these relations, we begin with a refresher on the 
structure of Gromov-Witten invariants in genus zero. We assume that the reader is familiar with the basic 
assumptions and results in Gromov-Witten theory; introductions to the subject, from a compatible point of 
view, can be found in ll4ll^l 1311151 . 

1.1. Genus-Zero Gromov-Witten Theory. Let H denote the classical cohomology algebra of X, which 
we equip with coefficients in the Novikov ring H of X. Following 11311151 . we encode genus-zero Gromov- 
Witten invariants of X by an overruled Lagrangian cone Cx in the symplectic loop space {T-L,Q). Here 
T-L := H{{z~^)) is the Z 2 -graded module over the Novikov ring consisting of Laurent series in z~^ with 
vector coefficients. The symplectic form on H is 

■= Res 2 =o {f{-z),g{z)) dz 

where (•,•) is the Poincare pairing on H with values in H. The subspaces T-Lj^ := H[z\ and T-L^ := 
z~^H\z~^\ form a Lagrangian polarization of thus identifying it with The Lagrangian 

cone Cx is a germ of a Lagrangian section over the point —Iz G where 1 is the unit vector in H. 
This section is therefore the graph of differential of a formal function on 1-1+, the genus-zero descendant 
potential of X, although with the domain translated by the dilaton shift t i—)■ t — Iz. The statement that Cx 
is overruled means that each tangent space T to Cx is a H[z]-module, and is in fact tangent to Cx exactly 
along zT. 

1 .2. Grading. The fact that Cx is an overruled cone with the vertex at the origin of T-L puts constraints on the 
genus-zero descendant potential of X which are exactly equivalent to the dilaton equation, string equation, 
and topological recursion relations lfT5l . In particular, the string equation can be formulated as invariance of 
Cx under the flow of the linear vector field on T-L defined by fhe operafor, denofed Z_i, of mulfiplicafion by 

z~^. 

To infroduce fhe Virasoro consfrainfs, one needs fo invoke one more sfrucfure in Gromov-Wiffen fheory: 
grading. Consider fhe twisted loop group, fhaf is, fhe group of operators on T-L commuting wifh z and 
preserving fhe symplectic form. An elemenf a of fhe Lie algebra of fhe fwisfed loop group is an End(if)- 
valued function of z satisfying a{—z)* = —a(z), where fhe asterisk * denotes adjoin! wifh respecf fo fhe 
Poincare pairing on H. The grading condition in Gromov-Wiffen fheory can be formulafed as invariance of 
Cx wifh respecf fo fhe flow of fhe linear vecfor field defined by an operafor, denofed Iq, of fhe form: 

If) = zd/dz + 1/2 + a 
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where o is a suitable element of the Lie algebra of the twisted loop group. Since zd/dz + 1/2 = y/zd/dz^/z 
is antisymmetric with respect to Q, the operator Iq is also antisymmetric with respect to Q. In the case of 
Gromov-Witten theory of the Kahler manifold X, a = fj, + p/z, where p: H ^ H is the Hodge grading 
operator (i.e. the grading operator in cohomology measured from the middle degree and taking half-integer 
values), and p is the operator of multiplication by ci(Tx) using the classical cup-product on H. 

The grading property of Cx is the consequence of dimensional constraints: Gromov-Witten invariants, 
being integrals of cohomology classes against the virtual fundamental cycle of a moduli space of stable maps, 
vanish unless the degree of the class matches the dimension of the cycle. For such constraints to translate 
into the grading property on H. it is necessary that constants, i.e. elements of the ground ring, have degree 
zero. For example, there is no grading property in equivariant Gromov-Witten theory, because generators of 
the coefficient ring of equivariant cohomology theory have non-zero degrees. In non-equivariant Gromov- 
Witten theory, Novikov variables also have non-trivial degrees, degQ'^ = J^ci{Tx), but nevertheless the 
grading property holds due to the divisor equation, which allows one to recast the non-trivial grading of 
constants into the correction pjz to the grading operator Iq. The following description of Virasoro operators, 
though in a Fourier-dual form, goes back to E. Getzler’s paper lITOl . 

1.3. Virasoro Constraints in Genus Zero. We have [fo, ^-i] = —l-i- Consequently the operators: 

1-1 = z Iq, h := IqzIq I 2 '■= IqzIqzIq, ..., Ik'■= lo{zlo)^, 

commute as vector fields on fhe line: In] = {n — m)lm+n- The genus-zero Virasoro consfrainfs, 

which were firsl proved by X. Liu-G. Tian li25l . can be slated and proved as follows. 

Proposition 1.1 (see II151 Theorem 6]). If the linear vector field on H defined by Iq is tangent to the overruled 
Lagrangian cone Cx C H, then the linear vector fields defined by the operators Im, m> —1, are all tangent 
to C. 


Proof. Let T be the tangent space to at a point /. Then (q/ £ T (by hypothesis), and so zlof G zT. Thus 
lozlof £ T, which implies that zlQzlof G zT and hence iQzlQzlQf G T, etc. □ 


1.4. Virasoro Constraints in Higher Genus. Genus -(7 Gromov-Witten invariants of X are encoded by the 
genus-g descendant potential which is a formal function on (with coefficients in the Novikov ring) 
defined near the origin. The totality of Gromov-Witten invariants of X is encoded by the expression: 


( 1 ) 


Vx ■■= exp j 

v9=0 


called the total descendant potential which, after the dilaton shift by —Iz, is interpreted as an “asymptotic 
element” of the Fock space associated through quantization with the symplectic loop space , 17): see ifTSll . 
The quantization rules by which quadratic Hamiltonians on H act on elements of the Fock space are as 
follows. In a Darboux coordinate system {q°',Pb} compatible with the polarization H = 47+ © 47_, we 
have: 


qaqb .— 


h ’ 


q°-pb := 



WPb ■= 


The linear operators Ik are infinitesimal symplectic transformations and thus correspond to quadratic Hamil¬ 
tonians. Their quantizations, Im, satisfy: 


^n] — ijXt n)(ni+fi © Cm,n 

where Cm,n = —Cn,m forms a 2-cocycle due to the Jacobi identity. On the Lie algebra of vector fields, any 
such cocycle is a coboundary, that is, the commutation relations can be restored by adding to the generators 
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suitable constants. Namely, Cm,n = (n — m)co^rn+nl ("i + n) when m + n / 0, and m + n = 0 only when 
{m,n) = ±(—1,1), and so the following corrected quantized operators commute as the classical ones: 


± Cfc) 


where = 


Cp.fc 

k 

C-1,1 


iffc / 0 
if A: = 0. 


Virasoro constraints, first conjectured by T. Eguchi, K. Hori, M. Jinzenji, C.-S. Xiong, and S. Katz in ||8l|9||, 
can be stated as follows. 


Conjecture 1.2 (Virasoro Conjecture). If a total descendant potential P satisfies the string and grading 
constraints, i.e. if L-fiD = 0 and LqD = 0, then it satisfies all higher Virasoro constraints: LkD = 0/or 
fc = l,2,.... 

This formulation can be understood as a statement about total descendant potentials V of abstract, ax- 
iomatically described Gromov-Witten-like theories as introduced by Kontsevich-Manin |[20ll (see also |[28ll l. 
When V is the total descendant potential Vx of a target space X, the string equation always holds and the 
grading constraint LfDx = 0 holds in non-equivariant Gromov-Witten theory for dimensional reasons: see 
o-g- ifTOl Theorem 2.1], where it is referred to as Hori’s equation. In this case, the central constants are: 

X(X) sir{pp*) 

and Cfc = 0 for /c / 0. The fact that Vx is an eigenfunction of Iq, the grading operator per se, with eigenvalue 
—Co comes from the anomalous term in the dilaton equation arising from the “missing” genus-one degree- 
zero moduli space of stable maps to X. The fact that the eigenvalue, which comes from some Hodge integral 
over M-ip x X, coincides with the constant cq dictated by the commutation relations, can be considered 
non-trivial evidence in favor of the Virasoro Conjecture. 

In JTSl, Givental described an approach to the Virasoro Conjecture for target spaces X with semisim¬ 
ple quantum cohomology, and proved the Conjecture for toric Fano manifolds. Subsequently this approach 
was used to prove the Conjecture for general toric manifolds IfTSl . complete flag manifolds 1191 . Grass- 
manians fSl, and all compact Kahler manifolds with semisimple quantum cohomology algebras |[28ll . The 
Virasoro Conjecture holds for Calabi-Yau manifolds for dimensional reasons ITOl . It has also been proved 
for nonsingular curves 1261, using an entirely different set of techniques. 

1.5. Loop Group Covariance. The Lie algebra of the twisted loop group acts by infinitesimal symplectic 
transformations on {T-L,Vt), and the central extension of this Lie algebra acts via quantization on elements of 
the Fock space. Exponentiating, one defines the action of the twisted loop group elements: M = exp(ln M). 
As a word of warning, we should add that in practice we will need the action of certain elements of comple¬ 
tions of the loop group (completions into infinite z- or z“^-series). Not all such operators can be applied to 
all elements of the Fock space, nor can such operators be composed arbitrarily. In practice we will use only 
particular types of quantized loop group elements applied to specific asymptotic elements of the Fock space 
in such an order that, due to certain nice analytic properties of the functions involved, the application makes 
sense (sometimes even when the product of infinite matrix series is ill-defined in the loop group itself). With 
these warnings out of the way, let us assume that two asymptotical elements of the Fock space, V and V", 
are related by such a loop group transformation: V = MV'. We claim that Virasoro constraints behave 
covariantly with respect to loop group transformations. 

Proposition 1.3 (Foop Group Covariance). Suppose that V and V" = MV' both satisfy the grading con¬ 
straints L'qV' = 0, L'qV" = 0 for suitable grading operators I'q and I'q on %. Suppose that M respects the 
grading in the sense that I'q = MI'qM~^. Then V' satisfies Virasoro constraints if and only ifV" satisfies 
Virasoro constraints. 

Proof. It suffices to show that L'^ = ML'f^M~^ for all k. We have that 
( 2 ) 4 ' = Ml'^M-^ 
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since = Iq{zIq)^, I'l = Iq{zIq)^, and M commutes with z. After quantization the left- and right-hand 
sides of ^ can differ only by central constants c^. Yet cq = 0, for otherwise V", which is annihilated by 
both Lq and MLqM~^, would be annihilated by cq / 0, implying that V" = P' = 0. Notice that for k ^ 0, 
the commutation relation in the Virasoro Lie algebra [Lq, L^] = kL^ is restored by adding a constant to L^. 
Since L'^. satisfies the same commutation relations as it follows that Cfc = 0 for all k. □ 

This covariant behavior of Virasoro constraints was the basis for the proof of the Virasoro Conjecture 
for target spaces with generically semisimple quantum cohomology algebras. Namely, Teleman has proven 
that the twisted loop group acts transitively on abstract semisimple theories obeying the string equation If28l . 
More precisely, the “upper-triangular” part of the group, consisting of power series in z, acts on all Gromov- 
Witten-like theories in the Kontsevich-Manin sense, and in particular acts on the corresponding ancestor 
potentials, whilst the “lower-triangular” part, consisting of power series in z~^, transforms ancestor into de¬ 
scendant potentials. The combined action transforms (as conjectured in |[T3l l the descendant potential Vx of 
a semisimple target X into the descendant potential P® ^ of ^ zero-dimensional target. The fact that the 
descendant potential of the point target satisfies Virasoro constraints is equivalent to the celebrated Witten- 
Kontsevich theorem II221I291I relating intersection theory on Deligne-Mumford spaces to the KdV hierarchy. 

1.6. Toric Bundles. It is well-known that a compact projective toric manifold X can be obtained by sym- 
plectic reduction from a linear space, X = IjK, by a subtorus K := of the maximal torus 

T := {S^)^ of diagonal unitary matrices: see e.g. mini. We assume without loss of generality that 
k = vkH‘^{X). Let P be a compact Kahler manifold, and let Li © ••• © L^r —P be an A^-dimensional 
complex vector bundle decomposed as a direct sum of line bundles. The maximal torus T acts fiberwise on 
this bundle, and one can perform symplectic reduction by the subtorus K fiberwise, thus obtaining a toric 
bundle E ^ B with fiber X. The group T is commutative, so E still carries a canonical (fiberwise) left ac¬ 
tion of T := (C^)^. Let us denote by the fixed point locus of this action. It consists of n := rkP*(Y) 
copies of P, which are sections of the bundle P —)• P. The main result of this paper is: 

Theorem 1.4. There exists a grading-respecting loop group operator which relates the total descendant 
potential of a toric bundle space E to that of the fixed point manifold P^.' Pg = MT)^^. 

The discussion in the preceding two sections then yields: 

Corollary 1.5. The Virasoro Conjecture holds for the total space E if and only if it holds for the base B. 

Corollary 1.6. The Virasoro Conjecture holds for the total space of a toric bundle over a base B in any of 
the following cases: 

(1) the quantum cohomology algebra of B is generically semisimple. 

(2) B is a compact Riemann surface. 

(3) B is a K3 surface. 

(4) B is a Calabi-Yau manifold of dimension at least 3. 

Note that in case (2) the quantum cohomology of P is semisimple only if P = P^. In cases (3) and (4) the 
quantum cohomology of P is never semisimple. 

2. The Proof of Theorem 1 1.4 1 

Our proof of Theorem 1 1 .41 consists of two steps: (i) relating T-equivariant counterparts of the descendant 
potential of P and P^ by a loop group transformation M; and (ii) establishing the existence of a non- 
equivariant limit of M. The first step relies on fixed point localization in T -equivariant Gromov-Witten 
theory; for the second step we use Brown’s relative mirror theorem for toric bundles [4j. 
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2.1. Descendant-Ancestor Correspondence. To elucidate step (i), we first recall the descendant/ancestor 
correspondence @ Appendix 2]: 

V = 

Here V is the total descendant, and A the total ancestor potential of E. The latter is defined ||6l[T3l by 
replacing fhe ?/)-classes in fhe definition of Gromov-Wiften invarianfs with their counterparts pulled back 
from Deligne-Mumford spaces by the contraction maps ct: M.g^n+m{E-,d) —>• and also inserting 

a primary class r € Tf at each of the m free marked points (which results in the dependence of A on 
the parameter r). The function F in the exponent is the potential for primary (no descendants) genus-1 
Gromov-Witten invariants. The operator S is lower-triangular (i.e. represented by a series in z~^) and is 
uniquely determined by the overruled Lagrangian cone Ce, as follows. Each tangent space to is tangent 
to Ce at a point of the form —Iz + t + 0{1/z), and thus the tangent spaces depend on a parameter r. For 
a tangent space Tr, the H[z]-linear projection 2^+ —)• T^- along determines (and is determined by) the 
lower-triangular loop group element S{t): H C 2^+ Tr C H. 

The operator S can be expressed in terms of Gromov-Witten invariants and thus it is subject to dimen¬ 
sional constraints. This guarantees that conjugation by S respects the grading operators, i.e. transforms the 
grading operator Iq for Gromov-Witten theory into the grading operator for the ancestor theory. Thus it 
remains to find another grading-preserving loop group transformation relating e^('^).4(r) with T>^t. 


2.2. Fixed-Point Localization. In the torus-equivariant version of Gromov-Witten theory, there exists an 
“upper-triangular” element R{t) of the loop group which provides the following relationship between suit¬ 
able ancestor potentials of the target space E and its fixed point locus E"^: 

(3) a ^‘^{ t )=iiM n 

a^F 


Here A^^^ refers to the total ancestor potential of i? in T-equivariant Gromov-Witten theory (of which we 
are reminded by the superscript eq), and A^*^ is a similar ancestor potential of one component = B of 
the fixed point locus E'^ . The superscript tw indicates that we are dealing here not with the Gromov-Witten 
theory of i?" = B per se, but with the Gromov-Witten theory of the normal bundle of in E\ this is 
the local theor}^ of E°‘, or in other words the twisted theory of B. The product over the fixed point set 
F = means that each function depends on its own group of variables according to the decomposition 
Ht ■= H^{E; S) = (BaeFH^{E°‘-, S) of equivariant cohomology induced by the embedding E"^ C E and 
localization. Let us write r = ©ot" using the same decomposition. The quantities ria(r) in (l3]l are certain 
block-canonical co-ordinates on Ht, defined in ^3.4l below. which have the property that Uo(t) = modulo 
Novikov variables. The operator R{t) here is a power series in z, and it does not have a non-equivariant 
limit. The existence of the operator R{t) and the validity of formula (l3]l are established in ^below. 

Next, the ancestor potential of the normal bundle of E°‘ in E is related to the corresponding descendant 
potential by the equivariant version of the descendant/ancestor correspondence: 


A a,tw / 
A^ [Uc 


(r)) = 


Oi^tW 

B 


Finally, according to the Quantum Riemann-Roch Theorerr0 0 : 


for each a G F. 


V 


a.tw 


— A a 


(4) ‘-'E 

That is, the twisted equivariant descendant potential is obtained from the untwisted equivariant descendant 
potential of the fixed point manifold (i.e. \F\ copies of the base B of the toric bundle in our case) by quantized 


*This is necessarily an equivariant theory, as the target space is non-compact. 

2 

To simplify discussion, we omit a constant factor in the quantum Riemann-Roch formula. 
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loop group transformations. The operators involved have the form 

r-i = exp j ^ 

\m>0 

where are certain operators of multiplication in the classical equivariant cohomology of S"; see ||6l for 
the precise definition. 

Composing the above transformations, we obtain 

Yl '^B where M(t) = |'0 sf^(w„(r))f? 

aeF \aGF 

Both and YiaeF^B non-equivariant limits, but some ingredients of the operator M(r) 

do not. Nonetheless, we prove: 

Claim. The operator M (r) has a well-defined non-equivariant limit, which is grading-preserving. 

This implies Theorem 1 1.4 1 

2.3. Why Does The Limit Exist? To understand why the non-equivariant limit of M(r) exists, consider 
the equivariant descendant/ancestor relation: 

The descendant potential here does not depend on the parameter r G Ht- The upper-trian^lar loop group 
element is a fundamental solution to the (equivariant) quantum differential equation^ for E: 

zdyS{T) = V •r S{t) V £ Ht 

where is the equivariant big quantum product with parameter r G Ht- Therefore the function 
depends on r in the same way, i.e. satisfies: 

d, = (^) v G Ht- 

On fhe ofher hand, e^“’A‘^'^ = M{t) OogF OaeF depend on r. Therefore fhe depen¬ 

dence of M on r is governed by fhe same connecfion: 

zdvM{T) = V •r M{t) V £ Ht- 

The main resulf of fhe paper |4] abouf foric bundles provides, informally speaking, a fundamenfal solution 
fo fhis connection for fhe fofal space of a foric bundle assuming fhaf fhe fundamenfal solution for fhe base 
B is known. The solufion is given in fhe form of an oscillating infegral—fhe “equivarianf mirror” fo fhe foric 
fiber X. The proof of fhe above Claim is based on fhe idenfificafion of M wifh anofher form of fhis solufion, 
obfained by replacing fhe oscillating infegrals wifh fheir stationary phase asymptotics. In fhe non-equivarianf 
limif of fhe oscillating infegrals, fhe sfafionary phase asympfofics fend fo a well-defined limif because fhe 
crifical poinfs of fhe phase function remain well-defined and non-degenerafe in fhe limif - fhis is equivalenf 
fo fhe semisimplicify of fhe non-equivarianf quanfum cohomology algebra of fhe foric fiber ifTFI . We explain 
fhis in defail in ^below. In fhe nexf secfion, we discuss localization in T-equivarianf Gromov-Wiffen fheory 
of foric bundles. 

^This is the equivariant version of the Dubrovin connection. 




VIRASORO CONSTRAINTS FOR TORIC BUNDLES 


7 


3. Fixed-Point Localization 

3.1. The T-Action on E. Let tt: E ^ B be a toric bundle with fiber X, constructed as in ^1.61 Let i and 

t denote the Lie algebras of K = (S^)^ and T = (S^)^ respectively. Our assumption that rkH^{X) = k 
implied that there is a canonical isomorphism M), and so the symplectic form on the toric fiber 

X determines a point uj G The embedding K ^ T determines and is determined by a linear map —)• t; 
this map is given by a x iV matrix with integer entries {rnij)i<i<k,i<j<N- The columns of [rriij) determine 
elements Di,..., G R), the toric divisors on X. 

As discussed above, the total space E of the toric bundle carries a fiberwise left action of the big torus T. 
The T-fixed set E'^ consists of n = TkH*{X) copies of B, which are the images of sections of vr. The 
T-hxed points on X, and also the T-hxed strata on E, are indexed by subsets a C {l,2,...,A^}of size k 
such that Lo lies in the cone spanned by {Di : z G a}. Denote the set of all such subsets a by F. Given such 
a subset a ^ F, we write x" for the corresponding T -hxed point in X and E'^ for the corresponding T -hxed 
stratum in E. One-dimensional T-orbits on E are non-isolated (unless S is a point), and components of 
this space are indexed by one-dimensional T-orbits on X. A one-dimensional T-orbit in X that connects 

to corresponds to the component of the space of one-dimensional orbits in E consisting of orbits 
that connect to this component is again a copy of the base B. We write /3 —>• a if there is a one¬ 
dimensional T-orbit in X from x“ to x^. For each /3 G T such that {3 ^ a there is a line bundle over 
E°‘ = B formed by tangent lines (at E°‘) to closures of the 1-dimensional orbits connecting to we 
denote the hrst Chern class of this line bundle by Xap- 

3.2. The T-Action on the Moduli Space of Stable Maps. In this section and the next, we describe the 
technique of hxed point localization on moduli spaces of stable maps. This material, which is well-known, 
is included for completeness, but we will need very little of it in what follows. In what comes afterwards, 
torus-invariant stable maps will be chopped into “macroscopic” pieces. All one needs to digest from the 
“microscopic” description given here is that the moduli spaces of torus-invariant stable maps factor acording 
to the pieces, that integrals over the factors are naturally assembled into appropriate Gromov-Witten invari¬ 
ants, and that the only integrands which do not behave multiplicatively with respect to the pieces are the 
“smoothing factors” dehned below. The impatient reader should therefore skip straight to ^3.41 pausing only 
to examine the explicit forms of the smoothing factors, which are given just after equation 

Let Eg^n,d denote the moduli space of degree-d stable maps to E from curves of genus g with n marked 
points; here g and n are non-negative integers and d G H 2 {E-,'L). The action of T on T induces an action 
of T on Eg^n,d- A stable map f \ C ^ ^g,n,d representing a T-hxed point in Eg^n,d necessarily has Tc- 
invariant image, which lies therefore in the union of 0- and 1-dimensional Tc-orbits in E. More precisely, 
some rational irreducible components of C are mapped onto 1-dimensional Tc-orbit closures as multiple 
covers z (in obvious co-ordinates). We call them legs of multiplicity k. After removing the legs, the 

domain curve C falls into connected components C^, and the restrictions /|c„ are stabl^maps to E^ which 
we call stable pieces. Note that each leg maps z = 0 and z = oo to the T-hxed locus C E, and each of 
z = 0 and z = oo is one of: 

(1) a node, connecting to a stable piece; 

(2) a node, connecting to another leg; 

(3) a marked point; 

(4) an unmarked smooth point. 

We associate to possibilities (1^) vertices of F, of types 1^ respectively, thereby ensuring that each leg 
connects precisely two vertices. The combinatorial structure of a T-hxed stable map can be represented by 
a decorated graph F, with vertices as above and an edge for each leg. The edge e of F is decorated by the 
multiplicity kg of the corresponding leg. The vertex z; of F is decorated with {ay,gy,ni,,dv) where ^ F 

^See di or CH for details. 

^Marked points on Cv here are marked points from C and the attaching points of legs. 
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is the component of the T-fixed set determined by v, and record the genus, number of marked 

points, and degree of the stable map f\c^ for vertices of type 1, and: 


{dv^ dy) 


(0, 2,0) for type (2) 

< (0,1,0) for type (3) 

(0, 0,0) for type (4). 


As a T-fixed stable map varies continuously, the combinatorial type T does not change. Each connected 
componenj^ is isomorphic to a subscheme of: 



Here is the moduli space of stable maps to B, and the ‘missing’ moduli spaces Ho, 2 ,o^ -So,l,o^ and 

Bo,o,o are taken to be copies of B. The subscheme is defined by insisting that, for each edge e between 
vertices v, w of T, the evaluation maps 


eVe: B and evg: —>■ B 

determined by the edge e have the same image. These constraints reflect the fact that the one-dimensional 
orbit in E determined by the edge e runs along a fiber of the toric bundle E ^ B. 


3.3. Virtual Localization. We will compute Gromov-Witten invariants of E by virtual localization. The 
Localization Theorem in equivariant cohomology states that, given a holomorphic action of a complex torus 
Tc on n compact complex manifold M and oj G we have 

/ “ 

J[M] 

where i: —>• M is the inclusion of the T -fixed submanifold, Nj^jt is the normal bundle to in 

M, Euler denotes the T -equivariant Euler class, and the integrals denote the evaluation of a T-equivariant 
cohomology class against the T-equivariant fundamental cycle. According to Graber-Pandharipande ifTTl . 
the same formula holds when M is the moduli space of stable maps to a smooth projective T-variety; [M] 
and [M^] denote T-equivariant virtual fundamental classes EES; and denotes the virtual normal 
bundle to M^, that is, the moving part of the virtual tangent bundle to M restricted to M^. To apply this 
virtual localization formula, we need to describe [M^] and Euler(iV;^^T). The T-fixed components (l5]l come 
equipped with virtual fundamental classes from the Gromov-Witten theory of B, and these give the virtual 
fundamental class [M^]. We next describe Euler 

Consider a connected component (l5]l consisting of stable maps with combinatorial type T. The analysis 
of the virtual tangent bundle to the moduli space of stable maps in II171I23II shows that Euler (A^t) takes the 
form: 


z UJ 


I[mt] Euler(A^^T) 


( 6 ) Euler ) — C^smoothing C^vertices C^edges 

Here the factor Csmoothing records the contribution from deformations which smooth nodes in the T-fixed 
stable maps of type T. To each type-1 flag, that is, each pair (u, e) where u is a type-1 vertex and e is an edge 
of r incident to v, there corresponds a 1-dimensional smoothing mode which contributes 


^There are many such components corresponding to each decorated graph F, which differ by the numbering of the marked points 
assigned to each vertex. 
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to ^smoothing- Here i/jf, is the cotangent line class at the marked point determined by e. To each type-2 flag, 
there corresponds a 1-dimensional smoothing mode which contributes 

Xq!,/3i Xct,P2 

to Csmoothing. where the legs incident to the type-2 vertex connect to and E^^, with multiplicities fci 
and k 2 respectively. Flags of types 3 and 4 do not contribute to Csmoothing- 

The factor Cyertices in (O is a product over the vertices of T. A type-1 vertex contributes the T-equivariant 
Euler class of the virtual vector bundle ^ over with fiber at a stable map f: C ^ B given 

b)Q: 

H^{C, f*m-) © H^{C, f*N^-) 

Here A""” B is the normal bundle to A"” = B in E. Vertices of type 2, 3, and 4 contribute, respectively: 


EulerTCA""), EulerTCA""), 


and 


Eulerr(A“) 

Xav,is/ke 


where the leg terminating at a type-4 vertex has multiplicity ke and connects E®” to E^. 

The factor Cedges in ® contains all other contributions from the moving part of the virtual tangent bundle. 
We will not need the explicit formula in what follows, but include it here for completeness. The factor 
Cedges is a product over edges of T. An edge of multiplicity k connecting fixed points indexed by a, /? G F 
contributes 

M Um=-Jo {Uj{a) + m^) 

where Uj{a) G H^{E) is the T-equivariant class of the jth toric divisor, restricted to the fixed locus F“, 
and Dj ■ d is the intersection index of that divisor with the degree of the corresponding multiply-covered 
1-dimensional T-orbit. See ifT^ and ||4l for details. 


3.4. Virtual Localization in Genus Zero. Consider the following generating functions for genus-zero 
Gromov-Witten invariants: 

• the J-function J(r, z) G H^{E) defined by J(r, z) = J(r, z^cf)^ where: 

j{T,zr = {iAn^+r^^+ Y. 

deJT2(£)n=0 \ ^ 




the fundamental solution 5(r, z ): H^{E) —>• H^{E) defined by: 


(V) 


( 8 ) 


s(T.zr, = {r,M+ E E 


0- 


ni 


T T 


deH 2 iE) n=0 

the bilinear form V (r, to, z) on H!^{E) defined by: 


(pu y 

- i^n+2 / 


0,n-\-2,d 


V{t,w,z)^u = 


°° r>d 




'riy, 


Here (pi,cpN and <p^,, (p^ are bases for H^{E) that are dual with respect to the T-equivariant 
Poincare pairing on E, endomorphisms M of H!^{E) have matrix coefficients such that M{(p^) = 
and bilinear forms V on H!^{E) have matrix coefficients such that V{(p^, cp^) = V^u- 

The fundamental solution S{t, z) satisfies the T-equivariant quantum differential equations: 

zdyS{T, z) = V •r S{t, z) V £ H^{E) 


^It is shown in Appendix 1 in Q that ^ is a well-defined element of 
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together with the normalization condition S'(t, z) = id + 0(2 ^). Standard results in Gromov-Witten the¬ 
ory imply that: 

(9) J{t,z) = zS{t,z)*1 and V{t,w,z) = 

where S{t,z)* denotes the adjoint of S{t,z) with respect to the equivariant Poincare pairing on 
and we identify H^{E) with its dual space via the equivariant Poincare pairing (thus equating the bilinear 
form V with an operator). The analogous statements hold in the Gromov-Witten theory of B twisted by the 
normal bundle to the T-fixed locus E°‘ = B. 

We begin by processing S (r, z) by fixed-point localization. Henceforth we work over the field of fracfions 
of fhe coefficienl ring = H*{BT) of T-equivarianf cohomology fheory, and insisf fhaf our basis 

(/)!,...,(/>AT for H!^{E) is compafible wifh fhe fixed-poinl localizafion isomorphism 

aeF 

in fhe sense fhaf each resfricfs fo zero on all excepf one of fhe T -fixed loci, which we denote by E°‘* C E. 


Proposition 3.1. The fundamental solution S{t, z) can be factorized as the product 

(10) S{t, z) = R{t, z) Sbiockir, z) 

where R has no pole at z = 0, and Sbiock{F, z) is the block-diagonal transformation 

SblockiT,z) = 0 S*^’°‘{UaiT),z). 
a£F 

Here z) is the fundamental solution in the Gromov-Witten theory of B twisted by the normal bundle 

to the T-fixed locus E°‘ = B, and r i—©aUQ-(r) is a certain non-linear change of co-ordinates with 
?x„(r) G H‘{E<^) C H'{E). 

Remark 3.2. Comparing fhe definifion of ^^(r) given in fhe proof below wifh one sees fhaf fhe 

Ua{T) can be regarded as ‘block-canonical co-ordinafes’ of r. 


Remark 3.3. Since bofh mulfiplicafion by S{t, z) and mulfiplicafion by Sbiock{T, z) define linear symplecfo- 
morphisms —)• "H, so does mulfiplicafion by R{t, z). Thai is, R{t, —z)*R{t, z) = Id. 


Proof of Proposition 13. j| The 2 -dependence in S{t,zYj^ arises only from fhe inpuf in (l7]l af fhe 

lasf marked poinf. Lef E^ denote fhe fixed-poinf componenf on which fy is supporfed. By fixed-poinf 
localizafion, we see fhaf S{t,z)^^ is a sum of confribufions from fixed-poinf componenfs £'on-i- 2 d where 
fhe graphs T can be described as follows. A typical T has a distinguished vertex, called fhe head vertex, 
fhaf carries fhe (n -|- 2)nd marked poinf wifh insertion The head vertex is a sfable map fo E'"; if is 

incidenf fo m frees (fhe ends) fhaf do nof carry fhe firsf marked poinf, and also fo one distinguished free (fhe 
tail) fhaf carries fhe firsf marked poinf. Thus S{t, z)f^^ has fhe form: 




( 11 ) 


Xcn/S 

p-.^^OL k=l ^ 

oo / 


+ 2 




d m=0 


k=l ^ 


- 


I (fm-t-1 )) 


z-f, 


m+2 


B^tw,a 


0,m-\-2,d 


where fhe correlafors represenf infegrafion over fhe moduli space of sfable maps given by fhe head vertex, 
Ca represenfs fhe confribufion of all possible ends, fhe linear map H!f{E) —)■ Ey(E"; H) records fhe 
confribufion of all possible fails fhaf approach E“ along an edge from fhe T -fixed componenf E^ C E wifh 
mulfiplicify k, and Xap is the cohomology class on E" = B defined in section ITT] The sum is over degrees 
d G H2{B; Z), and Q'^ represenfs, in fhe Novikov ring of E, fhe degree of fhese curves in E" = B. Here 
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ea = T modulo Novikov variables, as we include in our definition of the degenerate case where the end 
consists just of a single marked point attached to the head vertex. The terms on the first line of (fTTl) arise 
from those exceptional graphs T where the head vertex is unstable as a map to = B, that is, where the 
head vertex is a type-3 vertex in the sense of ^3.21 
In fact, (fTTl) can be written as 

00 / \ 

(12) W"). {“oW.z)A 

I3:l3^ak=l ^ k \ / 

where (•, is the twisted Poincare pairing on E°^. This is a consequence of a general result about the 
structure of genus-zero Gromov-Witten invariants, applied to the Gromov-Witten theor)0 of S". Recall 
that the tangent space to the Lagrangian cone C^a at the point t E + is the graph of the differential of the 
quadratic form on 1-1+ given by 

e I—)• Res^=o ReSu;=o V(t, —m, —z) [e{z), e{w)) dz dw 

where 

Y{t,w,z){ei,e 2 ) = --+Z^ 


z + w 


Q / eiiz) I ^ I \ I ^ \ 

n! \z-i)l W-Tpn+2/^ 


d n=0 - TV.T^/ 0,n-|-2,d 

But this tangent space has the form S°^’‘^{ua, z)~^'H+ for some point Ua E that is determined by 

t. In fact. 


(13) 


u„ = 


^r)d 

X] X] X] TjT ’ *)o’^2,d 

e d n=0 


4>e 


where the sum is over e such that is supported on TJ"; this is the Dijkgraaf-Witten formula f?!. As a 
result: 


V(t,m,z)(ei,e2) = V(uq,, m, z)(ei, £2) = 


1 


a,tw 


z + w 




where we used (fO]). Applying this to (fTTl) yields (fT^ . where UQ,(r) is given by (fT3] ) with t replaced by the 
conttibution from all possible ends. 

Setting 

00 ^ 

(14) ^ ^ ^ 


R(r,z) = Id+J^ 


_i_ XaP 

a£Fl3:/3^ak=l ^ k 


Tl„) 


yields the result. This expression has no pole at 2 ; = 0. □ 

Remark 3.4. The end conttibution occurring in the proof of Proposition 13 .1 1 can be identified in terms of 
fixed-point localization for the J-function: 

°° _ f)d / XU \ B,tw,a 


z - V’m-Fl / c 


d m=0 u ~ 0^m+l,d 

where we processed the virtual localization formulas exactly as in the proof of Proposition 13. II Since ipn+i 
is nilpotent, the correlator terms have poles (and no regular part) at z = 0. At the same time, the summand 

eaiz) has no pole at 2 ; = 0, as it is equal to t|e“ plus a sum of terms of the form —rr where c is 

independent of 2 ;. Thus 


(15) 


ea(2:) = 2:-h J{t,-z)\^ 


= z — 


zS{t, —2;)*1| 


J + 


“By the Gromov-Witten theory of E°‘ here we mean the Gromov-Witten theory of B twisted by the normal bundle N°‘ to 
f?“ = B and the equivariant inverse Euler class. 
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where [•]_!_ denotes taking the power series part of the Laurent expansion at z = 0. For the last equality here 
we used (|9ll. 


3.5. Virtual Localization for the Ancestor Potential. We will use virtual localization to express generating 
functions for Gromov-Witten invariants of E in terms of generating functions for twisted Gromov-Witten 
invariants of . The T-equivariant total ancestor potential of E is 


(16) 

where Eg is the T-equivariant genus-p ancestor potential: 


.4.(r;t) = exp | hP ^Fg{T;t) 

9=0 


m / oo 


m+n 


Er-,i)= E n (Eo-.T^w-n n 

d£H 2 {E) m=0 n=0 ■^l^g,m+n,d\ \k=0 / i=m+l 


Here r E H^{E), t = fo + tiz + t 2 z‘^ + • • • E H^{E)[z], Q'^ is the representative of d E H 2 {E; Z) in the 
Novikov ring, evj: Eg^n,d —>• T is the evaluation map at the ith marked point, and the ‘ith ancestor class’ 
E H^{Eg^m+n,d'i Q) is the pullback of the cotangent line class ipi E H^{Aig^rn', Q) along the contraction 
morphism ct: Eg^rn+n,d —^ ■^g,m that forgets the map and the last n marked points and then stabilizes the 
resulting m-pointed curve. We will express the total ancestor potential A, via virtual localization, in terms 
of the total ancestor potentials ,4.^’“ of the base manifold B twisted |l6i] by the T-equivariant inverse Euler 
class and the normal bundle N°^ to the T-fixed locus E°‘ = B in E. These are defined exactly as above, 
but replacing T by H and replacing the virtual class [Eg^jn+n,d]™ [^g,m+n,d]™ G Crp {Alg^rn+n,d) for an 
appropriate twisting class E K^{Bg^rn+n4)- 


Theorem 3.5. 

.4(r;t) = R{t) {Ua{T)Aa) 

a£F 

where t = (BaeF^a with E H^{E°‘)[z] and R{t) is the quantization of the linear symplectomorphism 
f I—5- R{t, z)f, and the map r i-A- (BaeFUa{F) is defined by (IT^ . 


The rest of this Section contains a proof of Theorem 13. 5 1 According to |[T3l Proposition 7.3], the action of 
R{t) is given by a Wick-type formula 


(17) 




exp(A) A 

\ a€F 


tW^OL 

B 


('Ua(r),t„) 


where the propagator A, which depends on r, is defined by 


t^R{T,z) '^t+z(ld—R(T,z) ^)1 


_^ 

2Z^Z^ 

i,j X,fj, * J 


i,j \,)i 


R{t, w)*R{t, z) — Id 
w + z 


We will compute the T-equivariant total ancestor potential 4.(r;t) using virtual localization, obtaining a 
Wick-type formula which matches precisely with (fTTl) . 

We begin by factoring the fixed poinf loci ^ info “macroscopic” pieces called sfable verfices, 

sfable edges, fails, and ends, which are defined somewhaf informally as follows. Given a T-fixed sfable map 
G —)• T wifh m + n marked poinfs, forgetfing fhe lasf n marked poinfs yields a sfable curve C wifh m 
marked poinfs, and a sfabilizafion morphism C ^ C given by confracfing fhe unstable components. We 
label points of C according to their fate under the stabilization morphism: a tree of rational components of 
C which contracts to a node, a marked point, or a regular point of C is called respectively a stable edge, a 
tail, or an end, while each maximal connected component of C which remains intact in C is called a stable 
vertex. Under virtual localization, the contribution of ^ into Ae can be assembled from these pieces. 
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We will see that the contributions from stable edges, tails, and ends together give rise to the operator R, 
while the contribution of stable vertices gives OaeF 

More formally, virtual localization expresses ,A(T;t) as a sum over T-fixed strata in Eg^m+n,d 

which are indexed by decorated graphs T as in ^3.21 Consider a prestable curve C with combinatorial 
structure F and the curve C obtained from C by forgetting the last n marked points and contracting unstable 
components. The curve C can be partitioned into pieces according to the fate of points of C under this 
process. Those components of C that survive as components of C are called stable vertices of C. Maximal 
connected subsets which contract to nodes of C' are called stable edges of C. Maximal connected subsets 
which contract to a marked point of C are called tails. Maximal connected subsets which contract to smooth 
unmarked points of C' are called ends. We denote by ct(r) the combinatorial structure of C', that is, the 
graph 7 with vertices and edges given respectively by the stable vertices and stable edges, and with each 
vertex decorated by its genus and number of tails. We arrange the sum over F from virtual localization 
according to the stable graphs ct(F): 

= 

r 7 r:ct(r)=7 


We begin by analysing certain integrals over stable vertices which occur in the virtual localization formu¬ 
las. These take the form 


(18) 


Tiiiji) 


T (ih ) '' 


Xl Xm V’m / g^rn+n,d 

where Ti,..., Tm arise from tails and/or stable edges, Cq arises from ends, and each Xi is equal to for 
some j3 ^ a and some A; G N. Note the presence of descendant classes Our first task is to express these 
vertex integrals in terms of ancestor potentials, where no descendant classes occur. Consider the sum: 

( , ) ■ ■ ■ 7 ,7 ^ • • • 7 ^aVYrn+n) ) 

\Xl-Vl Xm-^m I g,m+n,d 

and note that 

( 20 ) 

Tiiipi) _ Tii'ijji 


(19) 


E 

d^n 


_ ^ {'ipi - ipi)Ti{'il)i) 

Xi-i’i Xi-A {xi-'^i){xi-A) 

— / (pn 


^ 

Sa,twMT)^Xi)T{'lpi) 


I j ^ai'4^2) j j ^a{'4’n+l) j 4^u 

Xi-Wl / 0,n+2,d 


TSi) 
Xi - A 


Xi - A 

For the second equality here we used the fact, first exploited by Getzler ifTTl and Kontsevich-Manin l[2T1l . 
that — Tpi is Poincare-dual to the virtual divisor which is total range of the gluing map 


U 


^0,ni+2,c/i 1+712+1, 


E, 


'^,m+n,d 


ni-\-n2=n 
d\ -\~d2—d 


that attaches a genus-zero stable map carrying the ith marked point and ni marked points with insertions in 
{m + 1,... ,m + n} to n genus-^r stable map carrying the marked points 1,..., m omitting i, and n 2 marked 
points with insertions in {m -|- 1,..., m -|- n}. For the third equality in (l20l) we used the Dijkgraaf-Witten 
formula (fTSl) and the fact that the contribution from ends here coincides with the contribution Ca from 
ends in genus zero which occurred in equation (fT3l) . In what follows we will see that whenever contributions 
from tails and stable edges are expressed in terms of ^-classes, the transformations ^(riQ,(r), Xi) will 
occur. We call these transformations the dressing factors. 
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Consider the following generating function which we call the mixed potential: 

j^g—lQd 

rnlnl ^ ^ <^^+»))3.m+n,d 

3=0 m,n=0 d 

Note that specializing e G T-L^ to r G H!^{E) C recovers the ancestor potential The notion of 

mixed potential makes sense for a general Gromov-Witten-type theory, including the Gromov-Witten theory 
of arbitrary target spaces (equivariant or not), twisted Gromov-Witten theory, etc., and Proposition [3]6]below 
expresses the mixed potential of such a theory in terms of the ancestor potential for that theory. The argument 
just given showed that the sum (fT^ can be expressed, by including appropriate dressing factors, in terms of 
the mixed potential associated to the twisted Gromov-Witten theory of the T-fixed locus i?". 


Proposition 3.6. 

,A(e;t) = + [S{u{e), z){e{z) - ri(e))]_^^ 

where u{e) is characterized by 

[S{u{e),z){e{z) -rr(e))]_^ G zn+. 

Proof. Set y{z) = e{z) — u{e), so that: 


A{e] t) = exp 


E E E 


.^=0Ai,/,m=0 d 


klllml 


(t(y)l),. . . ,t{fm)]y{fm+l), ■ ■ . ,y{'4)ra+k),u{e), . . 


u{e)) 


^,fc+/+m,d 


Then consider the morphism Xg^rn+k+i,d —^ Aig^m+k forgetting the map and the last I marked points 
and then stabilizing; the Getzler/Kontsevich-Manin ancestor-to-descendant argument discussed above then 
gives: 


oo oo 


fl9—^Qd- 

A{e] t) = exp IE E E- (t(V’i), • • •, t(V’m), x(V)m+i), • • •, :>ii{'fm+k)]u{e),u{e) 


klllml 


y9=0 k,l,m=0 d 

where x(z) = [5(M(e), 2 ;)y( 2 ;)] ^ and the classes fi differ from the ancestor classes 'ft by being lifts of 
r/)-classes from Aig^m rather than from M.g^.rn+k- For r/>-classes on Deligne-Mumford spaces, we have: 


p,fc+/+m,d 


m+fc 

n 



v^r=m+l 


u {fi 


7T*'lpi) = 0 


for z = 1, 2,... , m 


where vr: Aig^m+k —^ Aig^m is the map that forgets the last k marked points and then stabilizes. This is 
because fi — Tr*Tpi is the divisor in Aig^m+k given by the image of the gluing map 

I_I 1+A:2+1 ^ ^ Aig^m+k 

ki+k2=k 

where the second factor carries fci marked points with indices in {m + 1,..., m + k}, and on this divisor 
the product UT=m+i fr vanishes for dimensional reasons. Thus: 

( m+k \ 

Aj'J {A-'fi) = 0 forz = 1,2,... ,m 

r=m+l / 

and, since x(z) is divisible by z - this is exactly how we chose u{e) - we may replace z/^jS by z/ijS in our 
expression for A{e, t) above. Polylinearity then gives the Proposition. □ 
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Now we apply Proposition l3.6l to the twisted Gromov-Witten theory of the T-fixed locus E^, so that S 
there is 5'“’'^. We will show that if we set e equal to the end contribution in the vertex integrals (fT9l ). then 
u{e) becomes the block-canonical co-ordinate Ua{T) defined in Proposition 13.11 and that 

(21) [S'^'^{ua{T),z){ea.{z) - Uair))] ^ = z{l(l - R{t, z)~^)l. 

Note that this precisely matches the contribution to Wick’s Formula in equation (fTTI) . Since 2 ) 

is a power series in 2 ;“^, we have: 


for any A. From ([TSl) . we have 
and Proposition 13. II gives 


'{Ua{T),z)[A\ 

€a(z)=Z- zS(t,-z)*1i^^ 


s(T,-zri\j^^ = s^’^(ua(T),-zr(R(T,-zriij^^y 

We compute: 

[S'^’‘^(Ua(T),z)(€a(z) - Ua{T))] ^ = Z + Ua{T) - zR{t, -z)*l|g„ - tta(r) 

where the first two terms are [S'“’^(nQ,(r), 2 ) 2 ;] the last term is [S'“’^(nQ,(r), z)rtQ,(r)] and we used 
(uair), z){ua{T), — z)* = Id. The right-hand side here lies in zR^, and therefore u{ea) = 
Uair), as claimed; furthermore, since R{t, —z)*R{t, z) = Id we obtain d2TI) . 

We return now to the integrals (fT^ over stable vertices. Here tails - which carry one non-forgotten marked 
point each - give rise to insertions of 

00 ^ 


aSF k=l ^ ^ 


where the linear maps ^ were defined in the proof of Proposition 13. H and t is the argument of the ancestor 
potential ([T6]) . According to (l20l) . we can write this in terms of {[} only by including dressing factors: 

1 


+ Y Y 


2^ — lb 
y.£F ^:/3^a k=l ^ ^ 




with z = Ip. Again, this 


From (fT4l) and R{t, —z)*R{t, z) = Id, we see that this is [R{t, z) 
precisely matches the contribution to Wick’s Formula in equation ([TT]) . 

In the localization formula for the ancestor potential, the edge contributions occur in the form 


V V V V_ 

^ ^ ^ ^ ( Xa0 

fi^OL j3'^a' k=l k'=l 1 


j,k,k' 

■^/3—IQ;,/?'—lo' 


Xa>0' 

k' 


— ijj' 


each functioning as two vertex insertions (which may be to the same vertex or different vertices). Here 
Ip and Ip' are the i/^-classes on the vertex moduli spaces at the corresponding marked points, and the class 
^ ^t(^) ® ^t(^) pulled back to these moduli spaces by the product ev x ev' of the 
corresponding evaluation maps. This expression participates, in the same role, in localization formulas for 
the genus-zero quantity V{t,w,z). As before, we can replace i/^-classes by ^^-classes provided that we 
introduce dressing factors: 


E EEE 

k=l k^=l 


5“’^K(r), ® 5 “'’^K,(t), ( 


E 


k,k' 

/ 3 — 


Xa/3 

k 


k' 


— Ip' 


= : Ea,a'i'lp,1p')- 
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Computing V(r, w, z) by virtual localization, as in the proof of Proposition 13.11 and applying the identities 


for each a ^ F, (3 ^ a, and /c G {1, 2,...} yields 


Xct/3 

k 


V{t, z, z') = z)* o + 0 z') o z') 

\ ^ a,a'&F ) 

where we regard the bivector Ea^a’ as an operator via the twisted Poincare pairing. But 

,, S{T,ZyS{T,z') S^^‘’^'^{T,z)*R{T,z)*R{T,z')S^'^^yT,z') 
V{t,z,z) = ■ - 


z + z' 

from (|9l) and Proposition 13.11 and we conclude that 


z + z' 


Ea,a' 

a^a'GF 


, R{t,zYR{t,z') -M 
Az,z) = — 


z + z' 


In other words, the edge contributions (which include dressing factors) are precisely what is inserted 
by the propagator in Wick’s formula (ITtI) . This completes the proof of Theorem [33] 


Remark 'h.l. Consider a Kahler manifold E equipped with the action of a torus T, with no further assump¬ 
tions about the structure of the fixed point manifold E"^ or the one-dimensional orbits. Theorem 13.51 can 
be extended to this general situation. First, virtual localization in genus zero shows, as in ^3.41 that the 
fundamental solution matrix Se{t., z) can be factored as 

Se{t, z) = R{t, z) S'Yt (u(t), z) 

where Risa power series in z, and r i—)■ u{t) is a certain non-linear diffeomorphism between the parameter 
spaces and which is defined over fhe field of fraclions of fhe coefficienl ring TfJ({poinl}) 

(and can be specified in ferms of genus-zero Gromov-Wiffen invarianfs). Then, virtual localization in all 
genera shows fhaf 

Ae{t; t ) = R{t) Ay,T (^( r ); tier ). 

However, we refrained from phrasing our proof of Theorem 13.51 in fhis absfracl selling. In fhe conlexl of 
general torus aclions, one-dimensional Tc-orbils - called legs in ^3.21 - may depend on parameters. Some 
foundational work is needed here - a syslemalic description of leg moduli spaces and Iheir virtual funda- 
menlal cycles - and esfablishing Ihese delails, which are unimporlanl to fhe essence of our argumenl, would 
carry us too far away from fhe currenl aim. This is fhe only reason why we limil fhe proof of Theorem l3.5l fo 
fhe case of loric bundles. 


4. The Non-Equivariant Limit 

As discussed in fhe Inlroducfion, combining Theorem 13.51 wilh fhe Quanlum Riemann-Roch fheorem 
yields 

(22) J] Vb 

a£F 

where Tbiock = ©aeFka and Sbiock{F) = (BaGF{ua{T)). Thus fhe T-equivarianl ancestor potential 

for E is obfained from by fhe application of quanfized loop group operators. We need fo show 
lhal fhe same is frue for fhe non-equivariant ancestor pofenlial Ae{f) of E, and so we need fo analyse fhe 
non-equivarianf limil of (1221) . 

Note firsl fhaf fhe producls T”^ can be Birkhoff-faclorized as: 

S°'’‘^{Ua,z)r~^{z) = Ra{Ua,z) SB{T*{Ua),z) 







VIRASORO CONSTRAINTS FOR TORIC BUNDLES 


17 


where Ra is an operator-valued power series in z, and u i-A t*{u) is a non-linear change of coordinate^ 
on Indeed, the Quantum Riemann-Roch theorem ||6l implies that transforms the overruled 

Lagrangian cone £b defined by the genus-zero Gromov-Witten theory of B into the overruled cone 
for the twisted theory: = T~^Cb- Thus, the operator Ra on the space = Ffs[[z]] is obtained from 

the following composition: 


R-^:H 


B 




7 ^ ra^tw 




B 


Ss(r*) 


u 


B 


and so 

R{t) Stlockir) = R'ir) ( 0 SB{r*a{Ua{T))) 

\q£F 

where R'{t) := R{t) (^(BaeF Ra is an operator-valued power series in z. Consequently, for some 

scalar functions c and c, we have: 

(23) II AbK) and S^-^R^ H S^)Vb. 

aGF aGF 

Note that here relation between r G and (Bogff* G here is a complicated change of 

variables, given by composing the Dijkgraaf-Witten maps r Uq(t) with the mirror maps Ua Ta{ua)- 
In this section we show that, at least for some rang^ of r, the operator R' has a well-defined non- 
equivarianf limif. The ingredienfs here are Brown’s mirror fheorem for foric bundles [41, which provides 
a cerfain family of elemenfs Isit, —z) on fhe Lagrangian cone Ce for fhe T-equivarianf Gromov-Wiffen 
fheory of E, and an analysis of fhe sfafionary phase asymptotics of fhe oscillafing infegrals fhaf form fhe 
mirror for fhe foric fiber X of E. Since all ofher ingredienfs in (|2^ - A‘^^, Ab, Rb, Se, and Sb - also 
have well-defined non-equivarianf limifs, if follows fhaf fhe same is true for c and c. Thus the entire formula 
(|2^ relating Ve to by the action of a quantized loop group operator admits a non-equivariant limit. 

Finally, in ^4.41 we complete the proof of Theorem 11.41 by checking that, in the non-equivariant limit, this 
loop group operator is grading-preserving. 


4.1. The /-Function of E. Recall that our toric bundle E ^ B is obtained from the total space of a direct 
sum of line bundles Li 0 • • • 0 Lat B by fiberwise symplectic reduction for the action of a subtorus 
K = {S^)^ of T = (5^)^. Let /r denote the moment map for the action of K on the total space of 
Li 0 • • • 0 L]\f —>• B, so that E = The quotient map —)■ E exhibits as 

a principal //-bundle over E. Since K = this defines k faufological S'^-bundles over E, each of 

which carries an action of T. Lef Pi,... ,Pk G H^{E; Z) be fhe T-equivarianf firsf Chern classes of fhe 
corresponding anfi-faufological bundles, and let pi,... ,pk be fhe resfricfions of Ti,..., to fhe fiber X. 
Wifhouf loss of generalify, by changing fhe idenfificafion of K wifh (5^)^ if necessary, we may assume fhaf 
fhe classes pi,... ,pk are ample. The classes pi,... ,pk generafe fhe T -equivarianf cohomology algebra 
//|,(X); lef 

(24) Af}{pi,...,pk) 

be monomials in pi,..., indexed by (3, fhaf fogefher form a basis for H!^{X). 

Lef Ai,..., Atv denote fhe firsf Chern classes of fhe N anfi-faufological bundles on BT = (CP°°)^, so 
fhaf Rt := //^f ({poinf}; Q) = Q[Ai,..., Atv]- The T-equivarianf cohomology algebra H^{E) has basis 
Ap{Pi,... ,Pk) over H*{B) 0 Rt (cf. Il2^ 1. Lef Kj denote fhe firsf Chern class of fhe dual bundle Tj, so 

'^This is the “mirror map”. 

suffices to establish that the non-equivariant limit exists for a single value of r, since and Pb are independent of r. 
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that the T-equivariant first Chem class of Lj is —Aj — A,-, and define: 


i=k 


3 

i=k 


rriijpi - \j 


Uj — fnijPi Aj Xj 


l<j<N. 


2=1 


2=1 


Then Uj is the T-equivariant cohomology class Poincare dual to the jth toric divisor in X, and Uj is the 
T-equivariant cohomology class Poincare dual to the jth toric divisor in E. 

Let J^{tb, z) denote the J-function of B, and write: 

J^{tb,z)= Y 

/ 3 eEfr(B) 

The /-function of T is: 


ii 


(25) 

where: 


lE{t,TB,z) := Y J0iBB,z)Q^^q^e^^Yl 

/ 3 GEff(B) 


P ^ddt TT nm=-oo(^i + Bnz) 


"iXfriAUu, + mz) 


t .— (^1 , • • • , ^/c) 
k 


dt := diti 


d — (di, • • •, d}^^ 


d di dh 


2=1 


Pt := Y^i^i 
2=1 

k „ 

Uj{d,l3) := Y^imj - / Aj 

i=i ^ 


We have that: 
(26) 


lE{t,TB,z) = zeP^/^U^/^ + 0{Q) 

Brown proves IJl Theorem 1 ] that lE{t,TB, —z) lies on the Lagrangian cone £e defined by the T-equivariant 
Gromov-Witten theory of E. 

Recall the monomials defined in (|2^ . The classes A^(T’i,..., Pk)4>b, where {(^b} is a basis for 
form a basis for H^{E), and this basis has a well-defined non-equivariant limit. Denote by T the 
array of vectors indexed by /3 and b: 


(27) 


T{z)= A 0 (^Z^,...,Z^'^dj,jE{t,TB,z) 


The entries of T(—z) form a basis for TiUrs,- .z)Pe over the ring Hjz} of power series in qi,..., and 
Novikov variables of B with coefficients which are polynomials of z: see (l26l) . For an appropriate value of 
r , determined by t and tb, the columns of Se{t, —z)* form another such basis, which consist of series in 
z~^. Expressing entries of T in terms of columns of S yields 

T{-z) = Se{t,-z)*L{z) 

where T is a matrix with entries in H{z}; this is the Birkhoff factorization of T. Since all other ingredients 
in this identity admit a non-equivariant limit, L{z) does too. 

The products 

nm.-e»(Cj + mz) 

n'ii'X-AUj+mz) 

that occur in (1251) . and thus in (|27]) . are rational functions of z. When Xj / 0 for each j, we expand these as 
Laurent series near z = 0. We saw in ^3.4l that the same operation applied to Se{t, z) yields 

SEiT,z) = R{T,z)S’’‘‘’^'^{r,z). 

Thus 

T{-z) ~ S^^‘’^^iT,z)-^R{T,z)-^L{z) 
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where ~ denotes the expansion near z = 0. In the next two subsections we will show that the expansion 
ofTi,iock{z) T{—z) near z = 0 has a non-equivariant limit, by identifying this expansion with the stationary 
phase expansion of certain oscillating integrals. 


4.2. Oscillating Integrals. Consider W = Yli=i i^j + oscillating integrals 


where 7 is a cycle in the subvariety of (C^)" defined by 


f e 

7 

x\N 


Wl. XV,.l 




j=N 

(28) 1 < i < k 

i=i 

given by downward gradient flow of 'R{W/z) from a critical point of W. Such oscillating integrals, over 
an appropriate set of cycles 7 , together form the mirror to the T-equivariant quantum cohomology of the 
toric manifold X |[T2l . We now relate these integrals to the q-series z) by expanding the integrand as a 
g-series, following [4j. 

Given a T-fixed point a on X, one can solve the equations (|2^ for x*, z G a, in terms of Xj, j 0 a: 

(29) Xi = n i G a 

1=1 j^a 


where nia is the k x k submatrix of {rriij) given by taking the columns in a; this defines a chart on the toric 
mirror (|2^ . In this chart the integrand becomes 


\*=1 / deZ*: 

^ 0 for j a a 


ti\di 


{qke 


\ ^k . 


n 


j 


—Uj (d) 




where Uj{d) = 'Yl!i=i difriij', cf. the proof of Theorem 3 in ||4l. Note that Uj{d) is the value of the cohomol¬ 
ogy class Uj G H‘^{X) on the element d G H 2 {X) such that pi{d) = di, and that our ampleness assumption 
guarantees that all di are non-negative. We thus consider 


Ia{qe\z, 



4>a /\ dlogXj 
j^a 


as a q-series of oscillating integrals with phase function ~ monomial ampli¬ 

tudes. Replacing the variables Xj by the differential operator Xj 4 - zd^^, we can consider la as an operator 
to be applied to the J-function of the base B. According to the computation in H Section 5], this gives 


(30) n 


-a*{Pi)/z 


Ia{qe\z,X + zdA)JB{TB,z) = a*lEit,TB,z)ll / e("-“*(^^)i°g")/^dlogx. 


V 2 = l 


j^a' 


Applying the differential operators from (I27l) . we get expressions in terms of oscillating integrals for each en¬ 
try ..., z-^^dj)f^lE of T{z). The stationary phase asymptotics of the oscillating integrals on the 

right (at the unique critical points x = a*{Uj) of the phase functions) combine to give rQ( 2 ;). Consequently 


(31) 


Tbiocki-z)T{z 


f},b 






(qe*, z, A -h zdA)dbJBirB, z), 


that is, the expansions near z = 0 of the entries of Tbiock{—z) T{z) coincide with stationary phase asymp¬ 
totics of the oscillating integrals on the right-hand side of (l3TI) . We now show that these stationary phase 
asymptotics admit a non-equivariant limit. 




20 


TOM COATES, ALEXANDER GIVENTAL, AND HSIAN-HUA TSENG 


4.3. Stationary Phase Asymptotics. The expression 


(32) 




d 


7 5 


^Wjz 


UUi dlogXj 


is an oscillating integral with the phase function over a Lefschetz thimble 7 in the 

complex torus with equations 

j=N 


(33) 


n 

i=i 


X. 


2-7 -1 ■/■ * 
= Qie^ 


l<i< k. 


In the classical limit q —)• 0, this torus degenerates into a union of co-ordinate subspaces (npoTHBOTauKOBbiH 
6*) UaeF where is the subspace of C” given by the equations Xj = 0, j G a. The equations 

for critical points of W under the constraints (|3^ in the co-ordinate chart {xj : j ^ a} take the form: 

0 = Xj — a*(uj) + terms involving positive powers of q j ^ oc. 

In the classical limit q —)■ 0, exactly one of these critical points approaches the critical point 


(34) Xj = a*{uj) j ^ ot 

of the phase function Ylj^ai^j ~ logXj) on Call this the ath critical point of W. On the 

right-hand side of (1^ . we first expanded the oscillating integral (l32l) as a g'-series and then took termwise 
stationary phase asymptotics at the critical point (l34l) . General properties of oscillating integrals l|4l Corol¬ 
lary 8 ] guarantee that this coincides with the g-series expansion of the stationary phase asymptotics of (l32l) 
at the ath critical point of W. The key point here is that, for a generic value of g, if we let \j —)• 0 for all 
j along a generic path, then the critical points of W corresponding to a G F remain non-degenerate. The 
stationary phase expansions at these critical points depend continuously (indeed analytically) on A, and at 
A = 0 remain well-defined. 

Arranging fhe infegrals (l32l) info an |F| x |F| mafrix and faking sfafionary phase asymptotics gives 




0 


0 


where fhe facfor on fhe righf is a diagonal mafrix, Wa is the value of W at the ath critical point, and 4'^ is an 
|F| X |F| matrix. Here 4'a; and Wa depend analytically on (g, t, A) and are well-defined in the limit A = 0; 
also T'o is invertible, as a consequence of A^(pi,... ,pfc) forming a basis in H^{X). The right-hand side 
of (I 3 T]) is obtained by replacing Xj here by Xj + zd^j, and applying the resulting differential operator to 
dbJB{TB,z). 

For a function A 1 — 'w{X) on H 2 {B) that depends on parameters (such as g* and ti), consider first the action 
of on Jb{tb, z). By the Divisor Equation, the action of zdp^ on the J-function Jb{'Tb,z) coincides 

with the action of A -|- zQOq where Qdq is the derivation of Novikov variables (for B) corresponding to 
A G H‘^{B). For each D G H 2 {B), we have: 

^w{A+zQdQ)/z qD _ ^w{A+zD)Iz qD 

and so gives a well-defined operafion on fhe space of cohomology-valued Laurenf series in z 

wifh coefficienfs fhaf converge Q-adically, provided fhaf t(;(0) = 0. Due to fhe Sfring Equation, 

e'^^^'>/^JB{TB,z) = Jb{tb + w{Q)1,z) 

On fhe ofher hand z), after flipping fhe sign of z, lies in zTj^[j-* _^-^Cb Cb 

for some poinf r* G H*{B) fhaf depends on w and tb- This resulf was firsf used in ||6l in fhe proof of 
fhe Quanfum Eefschefz fheorem, buf was proved incorrecfly fhere; an accurafe proof is given in iSl and ifT^ 
Theorem 1]. 
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Applying these arguments with w = Wa for each a ^ F, we obtain 

for certain r* G H*{B) depending on {q, t, A) and tb- Differentiating with di, yields a basis, indexed by 
b, for Tjg(^T-*^_z)CB as a module over power series in z. These bases together give a basis for the direct 
sum ®a^FTjg(T-*^_z)CB- Note that applying z5a to a family of tangent vectors ^(r*) G - 

here the family depends on tb via r* - yields another family of tangent vectors in TjB(r*-z)J-B- Therefore 
applying the z-series of matrix-valued differential operators t, X — zOa) to our basis for 

®aGFTjg(^r*-z)^B yields another basis for this direct sum. This space, however, has a standard basis, 
formed by the columns of Sb{t*, z)~^, a ^ F. Expressing our basis in terms of the standard one, we obtain 


(35) i'^z^'^kiq,t,X- zOa) 


\k=0 


c-Wa{q,t,X-zdA) / z 


SBirB,Z 




5’s(t*,z 


* .vt-1 




R'iz) 


for some invertible matrix-valued z-series R'{z) with entries in the Novikov ring of B that depend analyti¬ 
cally on {q, t, A). Here we used the fact that the columns of Sb{tb, z)~^ are dhJB{TB, —z). The left-hand 
side of (1351) is the expansion near z = 0 of Fhiockiz) T{—z), and the right-hand side provides its analytic 
extension to the non-equivariant limit A = 0. Thus the expansion near z = 0 of rhiocki—z)T{z) has a 
well-defined non-equivariant limit, as claimed. 


4.4. Grading. To complete the proof of Theorem 11.41 it remains to show that the loop group operator just 
defined respects the gradings. In the non-equivariant limit A = 0, all the functions of q, t, Q, and tb 
involved satisfy homogeneity conditions that reflect the natural grading in cohomology theory. To describe 
these conditions explicitly, introduce the Euler vector field 

i CL h 

Here Cj and 5a are the coefficients of the first Chem class of E with respect to an appropriate basis: 

N k / N \ / N \ n r 

Ci(F) = ^Uj +Tr*Ci{B) = ^ ^ m-ii I + TT* Ci(H) - | = '^CiPi + '^5aF*(l)a 

j=l i=l \j=l j y j=l j i=l a=l 

where we have chosen our basis fii ,for H*{B) such that ..., is a basis for H^{B). It follows 
from (l25l) and (l27l) that the tensor T{—z) = Se{z)~^L{z) satisfies the grading condition 

^z^ + T{-z) = T{-z)ij,e - ij.eT{-z) 


where is the Hodge grading operator for E. Using the divisor equations 


d 


dqi 


d 


= Ur + - n-z) 


dti 


and 


Qa 


d 

dQa 


d , fio 


A-.) = (+ GI n-. 


we replace £ with ds + ci{E)jz, where 

_d 
dt 


N 


a=l “ 6=1 ° 
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Note that T{—z) satisfies the differential equation 


-zdsT{-z) = T{-z)E{z) 

where E{z) = L~^{z){d£^)L{z) + zL~^{z)dsL{z) is a power series in z. Thus, eonsidering T as an 
operator, we have that 

(36) (z-^ + fJ-E + T{-z) = T{-z) (z-^ + ^J-E + . 

\ az ^ / \ az z ) 

On the other hand, the tensor X of oscillating integrals, whose stationary phase asymptotics yield (1^ . in 
the non-equivariant limit assumes the form 

Sb{tb-,zY^. 

The homogeneity condition for X reads 


•- 0 


QL^F 


^ d —v 9 




la 


n 


Y\jd\ogXj 

\{id\og{qieY 



N 


A,. 


+ E j X{-z) = X{-z)iiE - ^.b1{-z) - ^ ^-^X{-z). 

i=i 


We use here the factorization fiE = ^ix ® 1b + lx ® Ms the basis A^(P) ® tt*^ of H*{E), the 
homogeneity condition {zd/dz + Eb)S^^ = the identity 


N 


A. 

' dxi 




9a, 


and the divisor equation for Note that qi&X/dqi = dXjdti. Expressing EX via dsX, we find therefore 
that 

ifF ^ X{-z)^E - fJ.B'd^i-z)- 

As a function of {t,TB),X satisfies the same differential equations as T, since even before taking the non- 
equivariant limit X and T differ only by T-function factors that are independent of t and tb- Considering X 
as an operator, we thus arrive at the following commutation relation: 


(37) 


X{-z)-^ 


Z—. -h HB + 

dz 




d 

Z— -h fiE + 

az 



X{-z)-^ 


Our previous results equate T>e (up to a constant factor) with 

where S^^{z)L{z) coincides with T{—z), and R'{z) (©o5'B(r*), z)) is the matrix inverse of the stationary 
phase asymptotics of X{—z). Note that the values of the arguments r and r* in and Sb are determined 
by certain mirror maps and cannot be described here explicitly. Nevertheless the complicated relationship 
between them holds automatically, because all ingredients of the formula were constructed from the same 
function Ie- Equations (l36l) and (lT7l) now show that commuting the Virasoro grading operator lo{E) = 
zd/dz+^E+ciE/z first across T{—z) and then across the matrix inverse of the stationary phase asymptotics 
of X{—z) yields Iq{B) = zd/dz + /rs + ci{B)/z, the Virasoro grading operator for B. Thus the loop group 
transformation that relates and Ve is grading-preserving, as claimed. 
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